We can now answer these questions. The key is to realize that the correct cohomology group in which to embed B(R) is the etale cohomology group H 2 (X et9 G m ) where X = Spec(i?) (cf. [10] ). This will come as no surprise to mathematicians familiar with Grothendieck's work on etale cohomology and the Brauer group (it might have occurred much earlier to the author of [12] had he known any etale cohomology). The classical Brauer group B(R) has a natural injection into H 2 (X eV G m ) ([7] , [10] ), but the image is always torsion, while H 2 (X eV G m ) is not always torsion. Thus, in B and H 2 ( ,G m ) we have two functors that behave like bigger Brauer groups and it is natural to ask if they agree. In fact, we shall prove that for X = Spec(i?) there is always an isomorphism B(R) -» H 2 (X et ,GJ. With the above result it becomes easy to answer the questions left over from [12] : For any ring i?, we have B(R) = B(R) / f 2 (Spec(/?) et ,G m ). Thus, B(R) -> i/ 3 (Δ,Z) is injective if R is a Banach algebra with maximal ideal space Δ. However, this map need not be surjective (cf. §4) because, roughly speaking, the etale topology is often not rich enough to allow other than torsion elements of i/ 3 (Δ,Z) to be represented by cocycles in the etale topology. Thus, B is not the functor the second author was seeking when he wrote [12] (cf. §7 of [12] ). However, it may be of interest in commutative algebra as a concrete realization of H 2 (X eV GJ. Since the tools used here are those of schemes and etale cohomology, it is not much extra effort to extend the definition of B to schemes and to prove a version of the theorem relating it to etale cohomology in this context.
We introduce B for schemes X in §1. In §2 we define an injection
8: B(X) -> H\X QV G m )
following Giraud [7] . We also, in §2, use localization techniques to settle another question left over from [12] : we prove the triviality of the module Ώ(A) of §3 of [12] . In §3 we prove that δ is surjective for schemes which satisfy the hypotheses of Artin's Lemma [1]. Using Grothendieck's continuity results, we extend this result to affine schemes in §4. With the help of standard results about etale cohomology we then settle the questions raised in [12] .
We would like to thank Gus Lehrer of Sydney University for his guidance concerning the literature on etale cohomology.
1. The bigger Brauer group of a scheme. By the term ring we shall mean commutative ring with identity. However, algebras need not be commutative or have identities.
If A is an algebra over a ring i?, then A is separable in the sense of [12] [12] , consists of Morita equivalence classes of central separable i?-algebras under tensor product. The identity class in B(R) consists of all algebras of the form End Λ (M), where M is a finitely generated projective i?-module. The identity class in B(R) consists of all algebras of the form M Θ^ N 9 where M and N are i?-modules, λ: N <8> R M -> R is an i?-module surjection, and M ® R N is M ® R N with multiplication defined by λ through the formula
we call this the elementary /{-algebra determined by the data (M, N, λ). Note that if M is finitely generated and projective, N = M' = Hom Λ (M, i?), and λ is the standard pairing M ® R M' -» i?, then M <8> R N is just End^M). Note also, by Proposition 4.6 of [12] 
there is a canonical injection B(R) -> B(R).
We now describe a useful alternative characterization of central separable algebras given in [12] [12] . We can now prove it using localization techniques (cf. Proposition 2.2).
The following was used implicitly throughout §4 of [12] , but should be made explicit: 
is the S-module spanned by all such elements, then by Proposition 1.1 (a), tr: (A <8> R S) <8> R Ω' => S is surjective and, hence, A <8> Λ S is a central separable S-algebra.
We shall now define B(X) for schemes X, following the analogous definition for the classical Brauer group (cf. [10] , IV). For terminology and notation on schemes we follow Hartshorne [9] . DEFINITION 1.3. Let I be a scheme with structure sheaf Φ x . A quasi-coherent sheaf s/ of 0^-algebras will be called a central separable fi^-algebra if for each x e X there is an affine neighborhood U of x such that T(U, s?) is a central separable Γ(ί/, Φ x ) algebra.
Note that by Corollary 1.2, if A is any central separable iί-algebra and X = Spec 2?, then A ® R Θ x is a central separable Θ x algebra. Conversely, given a scheme X and a central separable fi^-algebra J/, then T(U,s/) is a central separable T(U, Θ x ) algebra for each affine open set U c X. To see this we use Proposition 1.1. The modules Ω(^4), as A ranges over the algebras T(U, sέ), form a presheaf which satisfies the conditions to be the pre-sheaf of sections of a sheaf Ω. Then tr defines a sheaf homomorphism s/<8> Ω -> O x which is surjective by Proposition 1.1, since J/ is locally central separable. On passing to sections over an affine open set U and using quasi-coherence (cf. [9] , II, 5.2, 5.6, 5.7) we conclude that We are indebted to A. Verschoren for pointing out that we cannot get away with simple insisting that each stalk si x be central separable in Definition 1.3 unless we assume that si p is locally a finitely presented j/ e -module. We made this mistake in an earlier version of this paper. Henceforth, if we are working over a scheme X the symbol Θ will refer to tensor product relative to the structure sheaf Θ x .
We shall say that central separable C^-algebras si and 38 are equivalent if there exist quasi-coherent β^sheaves Ji and Jf such that Jΐ is a regular si-Si bimodule, JΓ is a regular 38 -si bimodule, Jΐ ®@Jf-si as an si bimodule, and JfQ^Ji'=* 38 as a 38 bimodule (cf. [12] , §4). Here, the term regular applied to Jί and Jί meanŝ Jί %gg38 = Jί dinά 3$<& gs Jf% sίί si= Jf. Now suppose 38 is a central separable 0^-algebra, Jt is a regular QgSS^Ji} quasi-coherent right J'-mdoule, Jί is a regular quasicoherent left ^-module, and λ: Jf® Jί" -> ^ is a suijective ^-^ bimodule homomoφhism. Then one proves as in §4 of [12] that the quasi-coherent 0^-algebra si= Jί ΘJ^ΛΛ with product given by
Jί® gs JΓ®Jt®g B JΓ^J(® gs S8® gs JΓ=Jί®%jy is a central separable 0^ algebra and is equivalent to 38. Furthermore, every central separable Θ x algebra equivalent to 38 arises in this way. In particular, the central separable 0 x -algebras equivalent to Θ x itself are given as above with 38 = Θ x . We call such an algebra the elementary fi^-algebra determined by the data {Jt\ Jί, λ). Tensor products of central separable algebras over a ring R are again central separable (cf. [12] , Prop. 2.7) so the same is clearly true over a scheme. Also, if R -> S is a ring homomorphism and A a central separable i?-algebra then A <8> R S is, by Corollary 1.2, a central separable S-algebra. The analogous statement for schemes is that if si is a central separable β^algebra and /: Y -> X is a morphism of schemes, then / *si is a central separable 0 y -algebra ( [9] , II. §5). 12] ). That B is a functor from schemes to abelian groups follows from the comment preceding the definition.
Again proceeding as in §4 of [12] , one can prove that the classical Brauer group B(X) of a scheme X is contained in B(X). It is the subgroup consisting of equivalence classes which contain a central separable algebra si for which each si x is an Azumaya algebra (has an identity). Proof. For x e X let x be a geometric point over x and consider θ X χ = lim α Γ(C/ α , Θ v ), where the limit is over all etale maps f a : U a -> X, U a affine, through which x -> x factors ([10], I. 4.11). Since Θ x -is a Henselian local ring with algebraically closed residual field, Proposition 4.9 of [12] implies that lim α Γ(ί/ α ,/ α *j/) contains a rank one idempotent, and, hence, that, for some α, Γ(U a , f* s/) contains a rank one idempotent. By restricting to a smaller open affine set if necessary, we may assume f a : U a -* X has finite type. By Proposition 4.3 of [12] , Γ(C/ α , f*sΐ) is elementary and, hence, f£sf is as well since U a is affine (cf. [9] , II. 5.2, 5.5) .
At this point we digress in order to prove the triviality of the module PROPOSITION 
It turns out that v is independent of the choice of p. To see this, let q be another rank one idempotent in A and, for each ω, consider θ(q 0 /> <S> ω) G ^4/7 ® Λ /?yίg. Since TΓ O 0(g <g> /? <g> ω) = tr(/? <8> ω)# = v(ω)q, we conclude that (qAp)(pAq) = iίg. If JR is a local ring with maximal ideal M, we may choose u x e ^4/?, i; e /^4# with w x t; = rq and r & M. Then w = r"" 1^ satisfies uv = q and since yw is a non-zero idempotent in Rp it has no choice but to be p. Then tτ(q ® ω) = tr(wy ® ω) = tr(yw <8) ω) = tr(/? ® ω) by Proposition 3.6 of [12] . That this holds for local rings means, that for general JR, tr(p <8> ω) and tτ(q ® ω) will have equal images in each local ring R x forxe Spec(i?) and, hence, will be equal. It follows that v is independent of p.
Now let X be a scheme and J/ any central separable (^algebra. Choose a cover {/): Lζ -> X) be etale maps as in Lemma 2.1. Thus, U^ is affine and T{U i9 f*sf) contains a rank one idempotent. Then for each /, we have a canonical isomorphism v{. Ω(y)*j^) -» 0^. Clearly, Ω(/ f *j^) = fi*Sl(s/) and, by the independence of J>, the liftings p\v i and /7j^y of â nd Vj to the fiber product U έ X x Uj agree for each / and j. It follows that there is an isomorphism v:Ώ(sf) -> Θ x such that each v t is the lift of v to U t (cf. [10] , II. 1.6).
We return to the task of proving that B(X) has an injection into H 2 (X cV G m [7] (also see [10] , IV. 2.
5). It is the trivial Gerbe exactly when F^( X) is non-empty, i.e., exactly when [s/] = 0 in B(X). It follows that we have an injection B(X) -> Hg(X, G m ), where
Hl(X,G m ) in the group defined in IV. 3.1.1 of [7] . However, H*(X,GJ = H 2 (X et , G m ) by IV.3.4 of [7] . Thus, we have PROPOSITION 
If X is a scheme, there is an injection 8: B(X) ->
The proof given for this proposition is rather unsatisfying for the following reason: in the next section, in addressing surjectivity for δ, we will need to use Cech cohomology and rather explicit constructions involving Cech cocycles. For this reason, we present an alternative proof of Proposition 2.5 in the case where derived functor and Cech cohomology agree for the etale site.
Let X be a Noetherian scheme in which each finite set is contained in an affine open set. Then Artin's theorem [1] says that Cech and derived functor etale cohomology agree (cf. [10] , III.2.17). Now let si be a central separable 0^-algebra. Since X is quasi-compact, we can cover X with finitely many etale maps as in Lemma 2.1. By taking disjoint union, we come up with a single etale morphism of finite tyP e f:U-*X such that / is a cover and /*J^ is isomorphic to an elementary 0^-algebra J( ® λ Jί. Let U X U -> X be the fiber product over X of / with itself and let /?,: U X U -» U be given by p έ ( u v 3. Surjectivity of δ. Our proof that (under reasonable hypotheses) the map δ is surjective amounts to working backwards in the construction following Proposition 2.5. That is, given a Cech cocycle φ for an etale cover U -> X, we will (after possibly replacing U -> X with a refinement) construct (^modules Jt, Jί and a surjective λ: Jί% Jί -> Θ υ . We do this in such a way that if Jί. = p*Ji, Jί t = p*Jί, λ, = p*\ then there is an isomoφhism (μ,v) 
1 ) so that φ represents the obstruction to the descent of the data {Jί, Jί, λ). By the construction following Proposition 2.5, we will then have δ[
Our construction of Jί, Jί, and λ depends on certain properties of the trace. We begin this section with a discussion of these properties.
Let R be a ring and S a commutative i?-algebra (possibly without identity). The left action of S on itself determines an algebra morphism S -> End Λ (»S). If S is free and finite as an i?-module, then End^S) =* S <8> R 5* and, hence, the trace tr: End Λ (5) -> R is defined. On composing this with S -> Endfl(S') we get an i?-morphism r: S -» R. This behaves well under base change. That is, if R -» R' is a ring homomorphism, then the trace τ r defined as above for S Θ Λ R' as an i?'-algebra is just T <8> 1, where r is the trace for S. Now if S is an i?-algebra but is not free and finite, then there may not be a natural trace S -» R. In the case where S is quasi-finite over i? it is, however, easy to decide what we should mean by a trace when such a thing exists. For S to be quasi-finite over R means that for each prime ideal p e Spec(i?), S ® R k p is a finite k p algebra, where k p is the residual field at p for R. We shall say that an i?-morphism r: S -> R is a trace for 5 if T Θ 1: 5 ® Λ fc^ -> A: is the standard trace on S ® R k p for each p e Spec(i?). Note that any two trace morphisms will differ by a map into the nilradical of R and so, if a trace exists for S and R is reduced, the trace is unique.
Note that if T is a subalgebra of an Λ-algebra S then a trace for S does not necessarily restrict to a trace for T due to multiplicities that may BIGGER BRAUER GROUP AND έTALE COHOMOLOGY 455 occur in the action of T on S that don't occur in the action of T on itself. However, if T is an ideal of S this does not happen. LEMMA 
Let S be a quasi-finite R-algebra with a trace τ: S -> R. Then τ\ T is a trace for T whenever T is an ideal of S.
Proof. Let p be a prime ideal of R y i: T -> S the inclusion, and K and L the kernel and cokernel, respectively, of the induced map i Θ id:
If we can show that each t e T acts trivially on both K and L then we are done, since this implies t has the same trace acting on the vector space T <8> R k p as it does acting on S ® R k p .
That t acts trivially on L is obvious since tS c T. The action of t on i t
T factors as T -» S 1 -> Γ, and since # is ker(/ 0 id) it is clear that t acts as zero on K also. Now let /: Y -» ^ be a quasi-finite morphism of schemes. \i Jc, θ γ is a coherent sheaf of ideals, then an (Pymodule homomorphism r: f *J -* 0 x will be called a trace if for each x e JSΓ, T^: (f^J r ) x -> ^x is a trace in the above sense. Again, if X is reduced then a trace is unique when one exists. Also, by Lemma 3.1, the restriction of a trace to a smaller ideal sheaf is still a trace. Here F(*/) is the support of ® Ύ \J ! or, in other words, the set of y e Y such that J y is a proper ideal of ^ (see [9] , II.5.9) . We have the map /-^Λ;*^;*/, given by restriiction of sections from Y to W 9 and, hence, a map Also, the trace r: g**/^ 0 K induces a map £*g*-^ fc*< and on composing we obtain a map Since A is finite, Λ*,/ is coherent ( [9] , II. ex 5.5) and, hence, so is its image under τ λ in the quasi-coherent module h*Θ v .
Let Jf be the kernel of the natural map Θ x -> k*K*Θ x = k*Θ v . Then JΓ is a coherent ideal sheaf in 0 X supported on Jf\ V. Thus, it is killed by some power of J X \ V (this is true locally by II. 5.3 of [9] and the global result follows from quasicompactness of X). The Artin-Rees Lemma ( [3] , Cor. 10.10) then implies that (J X \ V ) n Π Jf = 0 for some «, and we may regard (*/ AΛί/ ) w as an ©y-submodule of k*Θ v . We may then consider the quotient sheaf T^h^Jf/r^h^^Cλ (<?χ\v) n -This is coherent and supported in X\V and, hence, is killed by some power of Sχ\ V In other words, for some m On replacing # with its product with (Λ*J Γ A^χκ ) m , we obtain an ideal sheaf ^c Θ γ such that τJi + Vc: (Sχ\ V ) n c 0 x . Note that V{9) = Y\U and that τ λ is, in fact, a trace. This is obvious over points of V (since T was a trace). Over a point x €: X\V,(h*@) ® k x is an ideal contained in every prime ideal of the finite & x -algebra (h*Θ γ ) <8> k x and is, hence, nilpotent. This implies that the standard trace on (h*@) Θ k x is zero, as is LEMMA 3.4. (with W^W^-* V i as factorization and Θ w the coherent ideal sheaf) and so, by Lemma 3.3, the composition U ι -> X is trace type as well. If we let U be the disjoint union of the U i and g: U -> X the moφhism such that g\ v = f\ U9 then g is clearly an etale cover of trace type which factors through /. The standard trace is therefore non-degenerate on 0 Θ^ k x by Proposition 1.3.1 of [10] . Since r <S> id: (g*^y) ® Λ: x -> ^Λ agrees with the standard trace, it cannot be zero. We would like, via restriction to U (J'-> 1*1*^= i*@ υ ) to regard J as a subsheaf of i*Θ υ . However, J-* i*&u may have non-zero kernel. This would be a coherent sheaf supported on Y\ U and, hence, would be killed by a power of J Y \ V . If we replace J by this power of J γ \ υ times J we will have a coherent ideal sheaf which does inject into i*Q υ . Thus, we may as well assume that J has this property and regard it as a subsheaf of i*G w Let U k = U X U X X U denote the fc-fold fiber product of U over X and Y X U k the fiber product of Y with U k over X. We set and then extend the coherent sheaves As a result, we may regard the cocycle φ e Γ(ί/ 3 , G m ) to be an invertible section of the sheaf of rings JΓ yx υx v .
We define sheaves S and J^ on Y X U as follows: Let p Oi : Y X U X U -> Y X U be defined by p Oi (y, u v u 2 ) -(y 9 u^. Then we set (1) *=.
rlere, φ and so the intersection in the definition make sense. Note that S and 3? are coherent sheaves of ideals on Y X U 9 are contained in </ yx ^y, and satisfy V{S) = F(J^) =YXU\UXU. Now to say that an element of (/y xt/ ) ( 
